SETS, FUNCTIONS, AND RELATIONS

Set
Set is defined as a collection of well-defined objects.
It is represented in two forms:

(@) Roster Form: In this way of representation, all
the elements are represented in List form. For
example, if one is collecting vowels of English
Alphabet, it will be written as {a,e,i,o,u}. The
order of elements does not matter in writing the
set.

(b) Set builder Form: In this way of expressing the
set, we choose a property among all the elements
that is common and single property and is not
possessed by any element outside the set. For
example: The set of vowels of English Alphabet
is written as {x: x is a vowel of English
Alphabet}

Note:
(a) Absolute properties do not form sets.

For example: We cannot collect the intelligent
persons. We cannot have the set of beautiful
or handsome persons. The reason behind this
is simple: no one can decide the parameter of
these virtues.

(b) A set does not change if one or more elements
of it are repeated.

(c) Georg Cantor (1845-1918) is considered the
originator of the modern set theory.

(d) The set is always represented through braces
{}. Itis also called the curly brackets.

(e) The things written in curly brackets are called
elements of the set.

Important Terminology
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Cardinal Number: It is the number of elements in a
finite Set. The number of elements means the distinct
elements in the set.

(a) Cardinal number of a Power Set = 2" if the
number of elements in the set is n.
(b) If cardinal number of set A is n, then total

number of subsets of P(A)= 22 and the total

2
number of proper subsets =2
represents the power set of A.

1. P(A)

Comparable Sets: Two sets A and B are said to be
comparable if AC B or BC A or A=B, otherwise
they are called incomparable sets.

Empty Set: The set that contains no element is called
an empty set. It is denoted by ¢ = { }.

(a) {0} or {¢ }is not an empty set.

(b) Empty set is also called the Null set or the
Void set.
(c) Empty set is a finite set.

Singleton set: It is a set that contains only one
element.

For example: {2}, {a}.

The set whose cardinal number is 1, is called a
singleton set.

Finite Set: Finite set is a set that contains countable
number of elements. For example: A={1,2,3,4,5,6}

The set whose cardinal number is a whole number, is
called finite set.

Infinite Set: Infinite set is a set that contains
uncountable number of elements. For example:
N={1,2,3,...}, set of Natural numbers because there



is no end of the elements of this set i.e. there is no
largest natural number in this set.

Equal Sets: Equal sets are the sets that contains the
same elements. For example: A={1,2,3,4} and
B={2,4,1,3}. A and B are equal as their elements are
same.

Equivalent Sets: Equivalent sets are the sets whose
cardinal numbers are same but the elements may
differ. For example: A={a,b,c,d,e} and
B={1,2,3,4,5}. Both the sets have 5 elements but
their elements are different, hence A and B are
equivalent sets.

Note:

Equal sets are always equivalent but vice-versa
not true.

Subset: Sub set is a set that has at least one element
less than its super set (main set). The number of
subsets in a finite set A, whose cardinal number is n
is 2". This is also the number of distinct subsets of A.

Note:

(a) Every non-empty set has two improper
subsets.

(b) Proper subset is the set that has lesser cardinal
number than its superset. The number of
proper subsets in a finite set of cardinal
number n is 2"-2.

(c) The null set has only one subset (i.e. null set
ifself) that is improper.

(d) Improper subsets are null set and the set itself.

Power Set: Power set is the set of all possible subsets
of the set.

Note:

(a) Set itself and the empty set are the members of
this set.

(b) If AC BthenP(A)Z P(B).

(c) P(ANB)=P(A)nP(B), and
P(AUB).

P(A)UP(B) C

Universal Set : Universal set is the set that is the
superset of all sets.

Note:

Universal sets differ as the point of reference
differ. For example: the super set of all students of
a city may differ from the super set of all students
of other city. Super set of reading materials may
differ from the super set of kitchen materials.

Union of Sets: Union of sets A and B is given by
AUB={x: xeA or xeB}.

Note:
x¢(AuB)=xgA and x¢B.

Intersection of Sets: Intersection of sets A and B is
given by AnB={x : xeA and xeB}.

Note:

(a) xg(ANB)=xgA or x«B
(b) n(ALB) = n(A)+n(B)-n(ANB)

Disjoint Sets: Disjoint sets are the sets that have no
common elements i.e., (ANB)=¢.

For example:

(@) The set of positive integers Z* and set of
negative integers Z have no common
elements, hence they are disjoint sets.

(b) A family of various sets is called pairwise
disjoint if no two members of its family have
a common element.

For example:
If Ay, Ay, As,...., A, are pairwise disjoint then

ArAn As...~A=D . But if AnAn

As... A= D | then Ay, Ag, As,...., A, may
not be pairwise disjoint.

() If Ay Ay As,...., A, are pairwise disjoint sets
then
N(ALVA AU ... UA)=N(A)+N(A)+Nn(As)+



An(An).
Difference of two sets: Difference of two sets A and

B is given by A-B= {X:€ A and X ¢ B}.

Symmetric difference of two sets: Symmetric
difference of two sets A and B is given by (A-B)u(B-
A). It is denoted by AAB.

Complement of a set: Complement of a set is given
by A’= U-A, that is, set of all elements of the
Universal set other than the elements of set A.

Note:

(a) Complement is the difference with Universal
set.

(b) Complement of Universal set is an Empty set
and vice- versa.ie (U)’=¢ and ( ¢ )’= U.

(c) Complement of a complement is the set
itself.i.e. (A’)’=A.

Idempotent Law:

(a) AUA=A
(b) ANA=A

Identity Law:

(a) AU =A
(b) ANU=A

Commutative Law :

(a) AuB=BUA
(b) AnB=BNA.

Associative Law :

(@) Au(BuC)=(AuB)LUC
(b) An(BNC) = (AnB)~C

Distributive Law :

(@ Au(BNC)=(AuB)"(ALC)
(b) An(BUC) = (AnB)U(ANC)

De-Morgan Law :

(a) (AUB)’=A’NB’
(b) (AnB)’=A’UB’

Ordered pair: The ordered pairs are said to be equal
if and only if the corresponding first elements are
equal and the second elements are also equal.

For example:

(a) (ab) # (b.a)
(b) (a,b)=(cd)iffa=candb=d

Cartesian product of two sets: Cartesian Product of
two sets A and B is given by A x B = Set of all
ordered pairs starting from A to B= { (a,b): acA and
beB}.

(@) Graph of A x B represents points on the
Cartesian plane.

(b) The number of elements in the Cartesian
Product = n(A). n(B)

(c) If either of A or B is an infinite set then A x B
is also an infinite set.

(d) n(A x B)= n(A). n(B) and n(P(A x B))=
2n(A).n(B)

(e) If A and B are two non-empty sets having n
elements common then A x B and B x A have
n? elements common.

(f) fA=® orB=¢ thenAxB= .

(g) If at least one of the A and B is infinite set
then A x B is also an infinite set provided that
the other is non-empty set.

(h) A x A x A ={(@bc) abce A} (abc)is
called an ordered triplet. It represents points in
3-D space.

Regarding Number of elements:

() Number of elements belonging to exactly one
of the sets A, B and C=n(A)+n(B)+n(C)-
2n(AnB)-2n(BNC)-2n(CnA)+3n(ANBNC)

(b) Number of elements belonging to exactly two
of the sets A, B and C = n(AnB)+
n(BNC)+n(CnA)-3 n(AnBNC)



(c) Number of elements belonging to at least two
of the sets A, B and C=n(AnB)+
n(BNC)+n(CnA)-2 n(AnBNC)

(d) Number of elements belonging to at most two
of the sets A, B and C=n(AuBUC)-
n(ANBNC)

Sets containing:

(@ Only A occurs out of A, B and C
(AmBmC)

(b) Both A and B, but not C occurs
(AmBmC)

(c) All the three occur (Aﬂ B ﬂC)

(d) At least one occurs (AU Bu C)

(e) At least two occur
(AnB)u(BNC)U(ANC)
(f) One and no more occur

(Amgmé)u(ﬂmBmE)u(ﬂmng)
(g) Exactly two of A, B and C occur
(AmBmE)u(ﬂmBmC)u(Amng)

(h) None occurs (A ~B ~C)=AUBUC

(i) Not more than two occurs

(AnB)u(BNC)U(ANC)-(ANBNC)

() Exactly one of A and B occurs
(AnB)U(ANB).
Notes:

(@) Some of the infinite sets cannot be expressed
in the Roster form or Listing form.
For example:
The set of Real Numbers cannot be written in
Roster form as there are always an infinite
number of real numbers between any two
numbers.

(b) The real numbers are very well depicted on a
Real Number Line.

(c) The Real Numbers are also expressible in
forms of Intervals: Closed Interval [3,5], Open
Interval (3,5), Open-Closed Interval (3,5] and
the Closed-Open Interval [3,5).

(d) Closed Interval [3,5] means { x: 3<x <5}
(e) Open Interval (3,5) means { x: 3 <x <5}
(f) Open-Closed Interval means { x: 3<x <5}

(9) Closed-Open Interval means {x: 3<x <5}
Relation:

If A and B are two non-empty sets then a relation
from A to B is defined as a subset of A x B. This
subset may be an empty as well as A x B.

If (a,b) belongs to R, then a is related to b, and
written as a R b. If (a,b) does not belong to R then it
is writtenas aR b.

Note:

(@) The set of all first element of the ordered pairs
in a relation R from a set A to set B is called
the domain of the relation R and the second
element of ordered pair is called the range.
The whole set B is called the codomain of the
relation R.

(b) Range < Codomain (always)

Types of Relations

Void Relation: A relation R in a set A is called an
Empty relation, if no element of A is related to any
element of A, i.e. R=¢ < A x A. Empty set is called
the void relation as it is a subset of A x A.

Universal Relation: A relation R in a set A is called
universal relation, if each element of A is related to



every element of A, i.e. R= A x A. A x Alis called
the Universal relation.

The Empty Relation: R on a hon-empty set X (i.e. a
R b is never true) is not an equivalence relation,
because although it is vacuously symmetric and
transitive, it is not reflexive (except when X is also

empty)

Identity Relation: Consider a set A= {1,2,3}.
Identity relation of set A from A to A is given by
1,={(1,1),(2,2),(3,3)} .

Every ldentity relation is reflexive but every
reflexive relation need not be an ldentity relation,
i.e., Reflexive relation has always some more
elements than an Identity relation.

Inverse Relation: R*= { (1,3),(2,4),(5,6)} is said to
be inverse relation of R ={(3,1),(4,2),(6,5)}.

The domain of R becomes the range of R™* and vice-
versa.

Reflexive Relation: If all the elements of A are
related to itself, then the relation is said to be
reflexive.

For example:

If A={1,2,3} then the relation R;={(1,1),(2,2),(3,3)}
is a reflexive relation or
R,={(1,1),(2,2),(3,3),(1,2),(1,3)} is reflexive relation
but R;={(1,1),(2,2)} is not a reflexive relation as
(3,3) is not therein.

Note:

(&) A reflexive relation on A is not necessarily
the identity relation on A.

(b) The Universal relation on a non-void set A is
reflexive.

(c) The cardinal number of Reflexive relations 2
where A is the number of elements in set A.

Symmetric Relation: If (x,y)eR=(¥,X) € R . Riis
symmetric if and only if R*=R.

Note:

(a) The Identity and the Universal relations on a
non-void set are symmetric relations.

(b) A reflexive relation on a set A in not
necessarily symmetric.

Transitive Relation: R is called a transitive relation
if and only if (&,b) eR,(b,c)eR=(a,c) eR.

Equivalence Relation: A relation R in a set A is
said to be an equivalence relation if R is reflexive,
symmetric and transitive.

Ordered Relation

R is called to be an ordered relation if it is transitive
but not equivalence relation.

Partial Ordered Relation

R is called a Partial Ordered relation if it is reflexive,
transitive but not symmetric relation.

Note:

(@) If R is reflexive, then R is also reflexive.
(b) If R is symmetric, then R™ is also symmetric.
(c) IfRis transitive, then R™ is also transitive.

(d) If R is an equivalence relation, then R is also
an equivalence relation.

(e) Total number of relations from A to B is the
number of possible subsets of A x B. If
n(A)=p and n(B)=qg then total number of
relations = 2™ as each subset of AxB defines
relation from A to B.

(f) Among the total number of relations 2, the
void relation ¢ and the universal relation A x
B are trivial relations from A to B.



Equivalence Class [a] : Let R be an equivalence
relation in A (non-empty set). Let aeX . Then the
equivalence class of a, (denoted by [a] ) is defined as
the set of all those points of A that are related to a
under the relation R.

It is expressed as [a]=[x € A: X R a].
Note:

(@) be [a]= ae [b]

(b) be [a]= [a]= [b]

(c) Two equivalence classes are either disjoint or
identical.

Congruence Modulo (m) :

Let m be an arbitrary but fixed integer. Two integers
a and b are said to be congruence modulo m if a-b is
divisible by m. It is written as

a=b (mod m).

i.e. a=b(mod m) < a-b is divisible by m.
For example:

18=3 (mod 5) as 18-3 is divisible by 5.

Also, 5= 10 (mod 5) as 5-10 is divisible by 5.
Note:

The relation “congruence modulo m” is an
equivalence relation.

Composition of Relations : Let R and S be two
relations from sets A to B and B to C respectively.

Then the relation SoR from A to C such that (a,c) e
SoR < 7 be B such that (a,b)e R and (b,c) € S.
This relation is called the composition of R and S.

In general RoS = SoR.

Also if SoR exists then RoS may not exist. But
(SoR)*'=R'0S™

Remembering Facts

(a) Let A and B be two non-empty sets having n
elements common, then AxB and BxA will
have n” elements common.

(b) The universal relation on a set A containing at
least 2 elements is not anti-symmetric,
because if a = b are in A, then ais related to b
and b is related to a under the universal
relation will imply that a=b but a = b.

(c) The set D={(a,a): ae A} is called the diagonal
line of A x A . The relation R in set A is anti-
symmetric iff RN R* < D.

(d) The relation “is congruent to” on the set T of
all triangles in a plane is a transitive relation.

(e) The union of two equivalence relations on a
set is not necessarily an equivalence relation
on the set.

(f) If a set contains 2n+1 elements. Then the
number of subsets of this set that contains
more than n elements is equal to 2°".

Function

A RELATION from set A to set B is called a
function if every element of set A has one and only
one image in set B.

In other words, a function f is a relation from a non-
empty set A to a non-empty set B such that the
domain of f is A and no two distinct ordered pairs in f
have the same first element.

Or,

If a perpendicular dropped on the axis of X, cuts the
curve at one point only, then the graph represents a
function otherwise not.

Note:

The word “function” was introduced into
Mathematics by Leibniz, who used this term
primarily to refer to certain kinds of Mathematical
Formulas. It was later realized that Leibniz’s idea
of function was much too limited in its scope, and



the meaning of the word has since undergone
many stages of generalization.

Number of Functions : If n(A)=a and n(B)=b then
total number of functions from A to B=b?.

(a) Total number of one-one functions from A to

B="P, ifb >a otherwise it is 0 where
n(A)=a and n(B)=b.

(b) Total number of Onto function s(surjections)

b
from A to B= Z (-)>rhC,.r?

r=1

(c) The number of Onto functions defined from a
finite set A containing a elements onto a finite
set B containing 2 elements = 2°-2,

(d) Total number of one-one onto (bijection)
from A to B = a! or b! (factorial a or factorial
b) as the number of elements in A = number
of elements in B.

Special Functions

One-one function or Injective function : A function
f: X — Y is defined to be one-one (or injective) if
for every X, X, € X, f (xl) =f (xz) = X = X.
Otherwise, f is called many-one.

Onto Function or Surjective:A function f: X - Y

is said to be onto (or surjective) if for everyy € Y,
there exists an element x in X such that f (x) =y.

One-one onto or Bijective :A function f: X — Y is
said to be one-one and onto (or bijective), if f is both
one-one and onto.

Remembering Facts
(&) For an onto function range = co domain.
(b) A one- one function defined from a finite set

to itself is always onto but if the set is infinite
then it is not the case.

(c) Linear polynomial functions (ax+b), x, *, log
X are always one-one function.

(d) If (dy/dx) > 0, or, (dy/dx) < 0, then y=f(x) is
one-one, iff fis a continuous function.

(e) All even functions, modulus functions,
periodic functions are always many-one
functions.

(f) Square functions and Trigonometric functions
are many-one functions in their domain.

(g) sinVx and sin x* are not periodic as they
cannot be expressed in f(x+T)=f(x).

Composite Functions :If f: A >Bandg: B - C
are two functions, then the composition of f and g,
denoted by gof, is defined as the function gof : A —
C given by gof (x) = g(f (X)), V x € A.

Composition of f and g is written as gof and not fog.
gof is defined if the range of

f < domain of f and fog is defined if range of g
cdomain of f.

Remembering Facts:

(@ A function f : X — Y is defined to be
invertible, if there exists a function g:Y —
X such that gof = Ix and fog = IY. The function

g is called the inverse of f and is denoted by f
-1

(b) If fis invertible, then f must be one-one and
onto and conversely, if f is one-one and onto,
then f must be invertible.

(c) In general fog and gof are not equal, i.e.
composition of functions is not commutative
but it is associative. i.e. if f: X—>Y,0: Y>> Z,
andh:Z—Sthenho(gof)=(hog)of



(d) If either of the two f and g, one is an Identity
function then, fog and gof are identity
functions.

(e) Iff: A —>Band g: B —C are one-one and onto
then gof : A— C is also one-one and onto. But
if gof is one-one then only f is one-one g may
or may not be one-one. If gof is onto then g is
onto, f may or may not be onto.

(f) Given a finite set X, a function f : X —» X is
one-one (respectively onto) if and only if f is
onto (respectively one-one). This is the
characteristic property of a finite set. This is
not true for infinite set.

(9) Letf: X > Yandg:Y — Zbe two invertible
functions. Then gof is also invertible with

-1 -1 4
(gof) =f og .
Facts Related to the Domain and the Range:

(@) The set of values taken by X is called the
domain and is denoted by Df and the set of
values taken by Y is called the range and is
denoted by Rf.

(b) Domain of y= f(x) £ g(x) or f(x).g(x) or
f(x)/g(x) is given by D; n D, or D1 Dy — {
9(x)=0}.

(c) Domain of absolute value of function or
Modulus function, y = [x] is (-o0 ,00).

(d) Domain of exponential function f(x) = a*,a >
Oanda=1 isset of Real Number.

(e) Domain of logarithmic function f (x)=log, X;
(x,a>0)and a # 1 is all real positive
numbers.

(f) If f(x)=c for all ce X ,and Y is singleton set of
¢, f: X =Y is called the constant function.

(g) If f(x)=x for all x€ X, f: X =Y is called the
identity function.

(h) If f(x)= x* for a€ R, then f.R— R is called
the Power function.

(i) Absolute value function is also called
modulus  function or numerical value
function. It is defined as |x| = + x if x>0 and
IX| = -x if x <0

(3 Signum functiony = sgn (x)= [x|/X .
(k) Domain of signum function is R.

(I) The greatest integer function: it is also
called the step up function. It is written as
f(x)= [x]. It means f(0)=[0]=0, f(3/2)=[3/2]=
1, f(-1/2)=[-1/2]=-1. It consists of two parts:
integral part and the fractional part. The
fractional part is always greater than or equal
to zero but less than 1. It is also denoted as

fO)=[x]=x+{x}.

The Fractional Part Function

(@) {X}=x,if0<x<land0ifxe Z
(b) {-x}=-1-{x}ifx ¢Z.

Exponential Function: Exponential function is
defined as f(x)= a* . It increases if x > 0 and
decreases if x < 0.

Logarithmic Function : Logarithmic function is
defined as f(x)=log, X . It is defined only when a>0,
it is not defined when a< 0. It increases if a > 1 and
decreases if O<a<1.

Even function : If f(-x)=f(x) for all x.
Odd function: If f(-x)= - f(x) for all x.
Facts relating to EVEN and ODD functions

(X) The product of two even or two odd functions
is always even function.

(y) The product of even and odd is always an odd
function.



(z) Every function can be expressed as the sum of
an even and an odd function.for example:

F(0 =2 (F00+ F )+ 2 (FX- ()

Periodic Function: A function f(x) is said to be
periodic if there exists such an T>0 for which
f(x+T)=f(x-T)=f(x) for all xe X. note: there are
infinitely many T satisfying the equality but the least
positive is said to be the period.

Period of sinx, cosx,cosecx, secx = 2r and the period
of tanx, cotx = m,

Monotonic Functions : Monotonic functions are

defined on interval.

These are of nature: monotonic increasing if for all
X1,X2 €[a,b] and x; < X, there exists f(x;)<f(xy).

Note:

(a) Monotonic decreasing if for all x;,x, €[a,b]
and x; < X; there exists f(x;)>f(xy).

(b) Strictly monotonic increasing if for all x;,%,
€[a,b] and x; < X, there exists f(x;)<f(x,).

(c) Strictly monotonic decreasing if for all x,x,
€[a,b] and x; < X, there exists f(x;)>f(x,).

Special type of function:
Dirichlet function
A(X) =1, if xis rational
=0, if x is irrational.
It is discontinuous at each point.
Example:
AM0) =1
AM-1/2) =1

r(V2) =0

Mm) =0
Facts to Remember for Solving Questions:

(@ If f(x) is polynomial function satisfying

f(x)f(lj:f(x)n(lj then the
X X

function should be assumed as  (X) =1£ X’
(b) (x-1) < [X]£ X, 2x-1 < [2X] < 2X.

[n+l} {n+2} [n+4} [n+8}
(c) + + + +...=n,neN.
2 4 8 16

(d) [x]+{x+ﬂ+{x+ﬂ+{x+ﬂ+....

=[nx],ne N.

The Factorial Function: This is defined as f(n)=n!
=1.2.3..... n. for all positive integers.

The domain of this function is the set of positive
integers.

The function value (Range) increases so rapidly that
it is more convenient to display this function in
tabular form rather than as a graph. This is listed as
the pairs (n, n!) .

Equal Functions : Two functions f and g are equal if
and only if

f and g have the same domain, and

f(X) = g(x) for every x in the domain.

Linear Function : A function f defined for all real x
by a formula of the form f(x) = ax + b, is called a
linear function because its graph is a straight line.
Lattice Point : A point (X, y) in the plane is called a
lattice point if both the co-ordinates x and y are
integers.

BINARY OPERATION

A binary operation * on a set A is a function * : A x
A — A. Notation: * (a, b) by a * b.

Facts:



(a) Given a binary operation *: A x A > A, an Or, x*+3x+2=0
element e € A, if it exists, is called identity

for the operation *, ifa*e=a=e*a Vace Or, x=-1,-2

A. Identity element is unique. 2. Iff: R> R, and g: R— R are given by f(x)= k/,
(b) An element a € X is invertible for binary and g(x)= [x] for each xe R, then find { x

operation * : X x X — X, if there exists b € X eR:g(f(x)) e F(g(x)).

such that a * b = e = b * a where, e is the

identity for the binary operation *, then the Solution:

element b is called inverse of a and is

denoted by a . 9(feA)=g(I x1)= I x ]

(c) An operation * on X is commutative if a * b f(g())=F([x1)= |[X]|
=b*aVvabinX _
(d) An operation * on X is associative if (a * b) * Two cases may arise

c=za*(b*c)Vab,cinX

(e) If the operation table is symmetric about the () x=0,te. [1x]]=[x]= [x]i Le. f(g(x))=g(f(x))

diagonal line then, the operation is (i) x <0, ie. [x] x<Oie.|[x]| = x| i.e. [X] =[x

commutative. > [ x]] ,as [x]< x for all x f(g(x))> g(f(x)) for
(f) Addition (+) and multiplication () on N , the all x eR.

set of natural numbers are binary operations.

But subtraction (-) and division (= ) are not

since (4,5)= 4-5 = -1 does not belong to N and

(4+5) also does not belong to N.

3. Let f:[-2,2]—= R be defined by
f(x) =-1, for-2<x<0

=x-1, 0<x<2
(9) Binary operations are functions.
Then find { xe [-2,2]: x<0 and f(k) =x }
Number of Binary Operations : Number of binary
operations on A = Number of functions from A x A Solution:
to A = A™ | where A represents the Cardinal

Number of the Set A. For example: if the cardinal Obviously,
number of A is 3 then the number of binary f(-1)=-1, f(1)=0,f(0)=-1,f(-1/2))=f(L/2)=1/2 -1=-
operations= 3%°= 3°, U

Then the required result is {-1/2}

Solved Questions 10+ X

4. 1fe'™ =—""2 xe(~1010)and
1. If f: R> R and g:R —R are defined by f(x)= 10-x

2x+3, and g(x)=x* + 7, then find the values of x
such that g(f(x))=8.

£(x) = k[ —22%%_) then find value of k
100+ X2

Solution: Solution:

9(f())= g(2x+3)=(2x+3)*+7=8 (given). Using the definition of logarithm

Therefore, 4x*+12x+8=0 X' =z = logyz=y



Let us write the given expression as below:

10+x
f(x)=Ilo
(9 =log, —
Also write f( 200x j using the above definition
100 + X
10+ 102(§)OX .
f the functi D= 00+ X"
of the function as : =log, 200X
100 + x°
=2 f(x)
ie. fx)=(1/2) f| ———
()= (1/2) (lOO+x2j
Hence
k=1/2
If x,y,z are positive real numbers, then find the
relation between X,Y,Z when
x - xX+y'+2° 7°
z X+y+2Z X
Solution:

Out of many possible cases, assume
Ifx<y<zthenx®*<y’<?7®

Or,

2x<x+y<2z,2¢<x*+y*<27°

Or
Ax<x+y+z<3z3°<x*+y*+7°< 37
Or

(1/3x) > 1/(x+y+z) > (1/3z),under the above
condition

Or

6.

(1/32) < 1/(x+y+z) < (1/3x), under the above
condition

Or
3x%(32) < (0 + y® + )/ (x+y+2)< 32%/(3%)

Find the number of reflexive relations of a set
with 3 elements.

Hint: The number of reflexive relations on an n-

7.

2
. n~-n
element set is 2 .

If A={(x, y): X*+ y*= 25} and B={(x, y): x*+
9y? = 144} then evaluate AN B.

Hint: Note A n B means the points of intersection of
the two curves. Obviously it is 4.

8.

Let A;, Ay, ....,A3 be thirty sets each containing

five elements and By, By,..., B, are n sets each
30 n

with three elements such that U A= U B A
i=1 i=1

=S. If each element of S belongs to exactly ten

of the Ai’s and exactly 9 of the a;’s, then find the

value of n.

Hint:

9.

30
Each of A; has 5 elements, hence Zn(A):

i=1

5.30=150=10m

(as each element of S belongs to exactly 10 of A’s
if S has m distinct elements). i.e. m=15.

30

Similarly, B; has 3 elements, hence Zn(Bj)
j=1

=3n=9m i.e. n=45
A set contains (2n+1) elements. Find the

number of subsets of this set containing more
than n elements.

Solution:



The required number= *™C..; + “™Cppt...+
2M1C,n1= (1/2)(2°™1) by use of binomial theorem.

10. A survey shows that 63% people like cheese,
76% like apples. If x% like both cheese and
apples, then find the value of x.

Solution:
Obviously, n(C)=63, n(A)=76, n(C NA)=X.
Use: n(C UA)=n(C)+n(A)-n(C nA) ... (i)
Andn(C UA) <100 ... (ii)
i.e. n(C) + n(A)- n(Cn A)< 100
= 63+76-x < 100
= x239
And n(C nA) <n(C)
=X <63
=39<x<63

11. Let A be a non-empty set and let * be a binary
operation on P(A), the Power set of A defined by
X *Y = (X- Y)u (Y-X) for X,Y eP(A). Show
that

(i) @ is the identity element for * on P(A).
(ii) X is invertible for all X e P(A) and X=X,
Solution:

For any Xe P(A),

X * ¢ = (X- ¢) U(¢ -X) by definition.
=XU$=X

Similarly,

o * X = X

= X* ¢=¢* X=X,V Xe P(A)

= ¢ is an Identity element in P(A) for binary
operation * on P(A).

Also, for any X €P(A), evaluate that

X*X=¢ by definition

= every element X of P(A ) is invertible and is
inverse of itself.

12. If A is finite, then find the number of distinct
subsets of A.

Hint:

Number of distinct subsets= "C, + "C; + "C,+...+
I’]Cn:2n

13. Two finite sets A and B have m and n elements.
Number of subsets of A is 56 more than that of
B. Evaluate the values of m and n.

Hint:
Obviously, 2= 56+2",
By trial, m=6 and n=3

14, LetP={x,y):y=a,x eR}, Q={(x,y):y=
logax, x > 0} and 0 < a < 1 then find the cardinal
number of the set of solutions of P and Q.

Hint:

Obviously, both the graphs y=a* and y=log.x are
the reciprocal of each other that intersect at only
one point. Hence number of solutions=1.

15. If two sets A and B are having 99 elements in
common, then find the number of elements
common to each of thesets AxBand B x A.

Hint:

The required number = 99

16. On the power set P of a non-empty set A, an
operation 4 is defined as X4 Y= ( X "YU (X©



NY). Then show that for (P, A4), it is
commutative and associative with an identity.

Solution:
A is obviously, symmetric difference i.e.
X AY= (X-Y) U(Y-X)
And
X-Y=XNY*

A is commutative, associative and ¢ is an identity
element for this operator.

AAP=A-0)u(d-A=Aud=A forall
AeP.

17. If B is the set of numbers obtained by adding 1
to each of the even numbers, then write it in its
set builder form.

Solution:

B= {t+1: t = 2n, ne Z}={2n+1, ne Z}={x : X is
odd and xe Z}
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First they will ignore you,
then they laugh at you,

then they fight you,
then you win (truth follows...)
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