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Chennai Mathematical Institute (CMI) is a centre of excellence for teaching and research in the 
mathematical sciences. It was founded in 1989 as part of the SPIC Science Foundation. It has been an 
autonomous institute since 1996. 

The research groups in Mathematics and Computer Science at CMI are among the best known in the 
country. The Institute has nurtured an impressive collection of PhD students. 

In 1998, CMI took the initiative to bridge the gap between teaching and research in India by starting B.Sc. 
and M.Sc. programmes in Mathematics and allied subjects. Students who graduated from CMI went on to 
join leading institutions throughout the world. 

CMI occupies a unique position in Indian academia, attracting substantial funding from both corporate 
and government sources. 

In October, 2005, CMI moved to its new campus at Siruseri, on the southern outskirts of Chennai. In 
December, 2006, CMI was recognized by the Government of India as a University under Section 3 of the 
UGC Act, 1956. 

CMI's vision is to build on its early success and develop into a well-rounded academic institution, in the 
tradition of the best universities around the world. 

(Courtesy: www.cmi.ac.in) 

QUESTIONS FROM CMI ENTRANCE EXAMINATION 2020 

There are two parts of the Question Paper. Part A is worth a total of 40 (4 × 10) points, and Part B is 
worth of a total of 60 points. 

Part A 
 
1. Each student in a small school has to be a member of at least one of THREE school clubs. It is known 

that each club has 35 members. It is not known how many students are members of two of the three 
clubs, but it is known that exactly 10 students are members of all three clubs. What is the largest 
possible total number of students in the school? What is the smallest possible total number of students 
in the school?  
 
Ans. 48 
 

2. Let P be the plane containing the vectors (6, 6, 9) and (7, 8, 10). Find a unit vector that is 
perpendicular to (2, -3, 4) and that lies in the plane P. (Note: all vectors are considered as line 
segments starting at the origin (0, 0, 0). In particular the origin lies in the plane P.)  
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3. Calculate the following two definite integrals. It may be useful to first sketch the graph. 
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 ∫ 𝑙𝑙𝑙𝑙|𝑥𝑥|𝑑𝑑𝑑𝑑𝑒𝑒2

1   and ∫ 𝑙𝑙𝑙𝑙|𝑥𝑥|
|𝑥𝑥|

1
−1 𝑑𝑑𝑑𝑑.  

Ans. 𝒆𝒆𝟐𝟐 + 𝟏𝟏, 𝒂𝒂𝒂𝒂𝒂𝒂 −∞ 
 
4. A fair die is thrown 100 times in succession. Find probabilities of the following events. 

(i)  4 is the outcome of one or more of the first three throws. 
(ii) Exactly 2 of the last 4 throws give an outcome divisible by 3 (i.e., outcome 3 or 6). 

      
       Ans. (i) 𝟗𝟗𝟗𝟗

𝟐𝟐𝟐𝟐𝟐𝟐
 (ii) 𝟖𝟖

𝟐𝟐𝟐𝟐
 

 
5. Write your answers to each question below as a series of three letters Y (for Yes) or N (for No). 

Leave space between the group of three letters answering (i), the answers to (ii) and the answers to 
(iii). Consider the graphs of functions: 𝑓𝑓(𝑥𝑥) = 𝑥𝑥3

𝑥𝑥2−𝑥𝑥
  and (𝑥𝑥) = 𝑥𝑥2−𝑥𝑥

𝑥𝑥3
 . 

 
(i) Does f have a horizontal asymptote? A vertical asymptote? A removable discontinuity? 
(ii) Does g have a horizontal asymptote? A vertical asymptote? A removable discontinuity? 
(ii) Does h have a horizontal asymptote? A vertical asymptote? A removable discontinuity? 

 
Ans. (i) NYY(ii) YYN(iii)YNY 
 

6. Recall the function arctan(x), also denoted as 𝑡𝑡𝑡𝑡𝑡𝑡−1(𝑥𝑥). Complete the sentence:  
arctan(20202019) + arctan(20202021)……… 2 arctan(20202020), because in the relevant region, the 
graph of y = arctan(x)…. . 
 
Fill in the first blank with one of the following:  
is less than / is equal to / is greater than.  
 
Fill in the second blank with a single correct reason consisting of one of the following phrases:  
is bounded / is continuous / has positive first derivative / has negative first derivative / has positive 
second derivative / has negative second derivative / has an inflection point. 
 
Ans. ‘is less than’ because in the relevant region (here the interval (0.1)), the graph ‘has negative 
second derivative’, which ensures that any chord stays below the graph. The point on the graph of               
y = arctan(x) at x = 20202020 is above the midpoint of the chord joining the points at x = 20202019 
and x = 20202021. 
 

7. The polynomial p(x) = 10x400 + ax399 + bx398 + 3x + 15, where a, b are real constants, is given to be 
divisible by x2 - 1. 

(i) If you can, find the values of a and b, write your answers as a =…… , b =…. .  
If it is not possible to decide, state so. 

(ii) If you can, find the sum of reciprocals of all 400 (complex) roots of p(x), write your 
answer as sum =….. .  
If it is not possible to decide, state so. 

Ans. (i) A=-3, b=-25 (ii) −𝟏𝟏
𝟓𝟓
 

 
8. For a positive integer n, let D(n) = number of positive integer divisors of n. For example, D(6) = 4 

because 6 has four divisors, namely 1, 2, 3 and 6. Find the number of n ≤ 60 such that D(n) = 6. 
Ans. 25 
 



9. Notice that the quadratic polynomial 𝑝𝑝(𝑥𝑥) = 1 + 𝑥𝑥 + 1
2
𝑥𝑥(𝑥𝑥 − 1) satisfies 𝑝𝑝(𝑗𝑗) = 2𝑗𝑗 for j = 0, 1, 2.         

A polynomial q(x) of degree 7 satisfies 𝑞𝑞(𝑗𝑗) = 2𝑗𝑗 for j = 0, 1, 2, 3, 4, 5, 6, 7. Find the value of q(10). 
 
Ans. 968 
 

10. Note that 25 × 16 – 19 × 21 = 1. Using this or otherwise, find positive integers a, b and c,                  
all ≤ 475 = 25 × 19, such that 

(i) a is 1 mod 19 and 0 mod 25, 
(ii) b is 0 mod 19 and 1 mod 25, and 
(iii) c is 4 mod 19 and 10 mod 25. 

(Recall the mod notation: since 13 divided by 5 gives remainder 3, we say 13 is 3 mod 5.) 
Ans. a=400, b=76, c= 460 

 
Part B 

1. [7 points] Suppose A, B, C, D are points on a circle such that AC and BD are diameters of that circle. 
Suppose AB = 12 and BC = 5. Let P be a point on the arc of the circle from A to B (the arc that does 
not contain points C and D). Let the distances of P from A, B, C and D be a, b, c and d respectively. 
Find the values of 𝑎𝑎+𝑏𝑏

𝑐𝑐+𝑑𝑑
  and 𝑎𝑎−𝑏𝑏

𝑑𝑑−𝑐𝑐
 . You may assume d ≠ c so the second ratio makes sense. 

 
Ans. 𝟐𝟐

𝟑𝟑
 and 𝟑𝟑

𝟐𝟐
 

 

2. [7 points] Let = 𝑒𝑒
2𝜋𝜋𝜋𝜋
𝑛𝑛  . Here n ≥ 2 is a positive integer, i2 = - 1 and the real number 2𝜋𝜋

𝑛𝑛
 can also be 

considered as an angle in radians. 
(i) Show that ∑ 𝑧𝑧𝑘𝑘 = 0𝑛𝑛−1

𝑘𝑘=0  
(ii) Show that ∑ cos (40𝑘𝑘 + 1)0 = 08

𝑘𝑘=0  , i.e., 
cos(10) + cos(410) + cos(810) + cos(1210) +…..+ cos(2410) + cos(2810) + cos(3210) = 0: 

 
Ans. (i) 𝒛𝒛 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐

𝒏𝒏
+ 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐

𝒏𝒏
≠ 𝟏𝟏   

 
3. [10 points] A spider starts at the origin and runs in the first quadrant along the graph of y = x3 at the 

constant speed of 10 unit/second. The speed is measured along the length of the curve y = x3. The 
formula for the curve length along the graph of y = f(x) from x = a to x = b is 𝑙𝑙 = ∫ �1 + 𝑓𝑓′(𝑥𝑥)2𝑑𝑑𝑑𝑑𝑏𝑏

𝑎𝑎  
As the spider runs, it spins out a thread that is always maintained in a straight line connecting the 
spider with the origin. What is the rate in unit/second at which the thread is elongating when the 
spider is at �1

2
, 1
8
� ? 

You should use the following names for variables. At any given time t, the spider is at the point          
(u, u3), the length of the thread joining it to the origin in a straight line is s and the curve length along 
y = x3 from the origin till (u, u3) is l. You are asked to find ds/dt when 𝑢𝑢 = 1

2
  

(Do not try to evaluate the integral for `: it is unnecessary and any attempt to do so will not get any 
credit because a closed formula in terms of basic functions does not exist.) 
 
Ans. 8, 𝟑𝟑𝟑𝟑

√𝟏𝟏𝟏𝟏
 

 
4. [12 points] Throughout this problem we are interested in real valued functions f satisfying two 

conditions: at each x in its domain, f is continuous and f(x2) = f(x)2. Prove the following independent 
statements about such functions. The hints below may be useful. 



(i) There is a unique such function f with domain [0,1] and f(0) ≠ 0. 
(ii) If the domain of such f is (0,∞), then (f(x) = 0 for every x) OR (f(x) ≠ 0 for every x). 
(iii) There are infinitely many such f with domain (0,∞) such that ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 < 1∞

0  . 
 
Hints:  
(1) Suppose a number a and a sequence xn are in the domain of a continuous function f and xn 
converges to a. Then f(xn) must converge to f(a). For example f(0.5n)→ f(0) and 𝑓𝑓(2)

1
𝑛𝑛 →f(1) if all the 

mentioned points are in the domain of f. In parts (i) and (ii) suitable sequences may be useful.  
(2) Notice that f(x) = xr satisfies f(x2) = f(x)2. 
 
Ans. (i) f(x)=1  
 

5. [12 points] Consider polynomials p(x) with the following property, called (⌡). 
(⌡)   If r is a root of p(x), then r2 - 4 is also a root of p(x). 

 
(i) We want to find every quadratic polynomial of the form p(x) = x2 + bx + c such that p(x) has two 
distinct roots, has integer coefficients and has property (⌡) . Prove that there are exactly two such 
polynomials and list them in the provided space on a later page. 
 
(ii) It is also true that there are exactly two cubic polynomials of the form p(x) = x3 +ax2 + bx + c 
with the property (⌡)  such that p(x) shares no root with the polynomials you found in part (i).  
 
Explain fully how you will prove this along with the method to find the polynomials, but do not try to 
explicitly find the polynomials. 

 
6. [12 points] For sets S and T, a relation from S to T is just a subset R of S × T. If (x, y) is in R, we say 

that x is related to y. Answer the following. Part (i) is independent of (ii) and (iii). 
(i) A relation R from S to S is called antisymmetric if it satisfies the following condition: if (a, b) is in 
R, then (b, a) must NOT be in R. For S = {1, 2,…,k}, how many antisymmetric relations are there 
from S to S? 
(ii) Write a recurrence equation for f(k, n) = the number of non-crossing relations from {1, 2,…., k} 
to {1, 2,….n} that have no isolated elements in either set. (See below for the definitions of the two 
underlined terms and their visual meaning. Drawing pictures may be useful.) Your recurrence should 
have only a fixed number of terms on the RHS. 
(iii) Using your recurrence in (ii) or otherwise, find a formula for f(3, n). 

 
Definition 1: We say that a relation from S to T has no isolated elements if each s in S is related to 
some t in T and if for each t in T, some s in S is related to t. 

 
Definition 2: We say that a relation R from {1, 2,…,k} to {1, 2,…,n} is non-crossing if the following 
never happens: (i, x) and (j, y) are both in R with i < j but x > y. 

 
Visual meaning: One can visualise a relation R very similarly to a function. List 1 to k as dots 
arranged vertically in increasing order on the left and similarly list 1 to n on the right. For each (s, t) 
in R, draw a straight line segment from s on the left to t on the right. In the situation one wants to 
avoid for non-crossing relations, the segments connecting i with x and j with y would cross. Having 
no isolated elements also has an obvious visual meaning. 
 



Ans. (ii) 𝒇𝒇(𝒌𝒌,𝒏𝒏) = 𝒇𝒇(𝒌𝒌,𝒏𝒏 − 𝟏𝟏) + 𝒇𝒇(𝒌𝒌 − 𝟏𝟏,𝒏𝒏) + 𝒇𝒇(𝒌𝒌 − 𝟏𝟏,𝒏𝒏 − 𝟏𝟏)𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝒇𝒇(𝒌𝒌,𝟏𝟏) = 𝒇𝒇(𝟏𝟏,𝒏𝒏) = 𝟏𝟏               
(iii) 𝒇𝒇(𝟑𝟑,𝒏𝒏) = 𝟐𝟐𝒏𝒏𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟏𝟏,𝒇𝒇𝒇𝒇𝒇𝒇 𝒏𝒏 ≥ 𝟏𝟏 
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