Let Us Do Some Problems-XXXV
Prof. SB Dhar

Gaokao (National Higher Education Entrance Examination) in Mathematics is probably the hardest
examination for a student. It is held in China. Every High School Senior takes part in this once-in-a-year
event.

Some questions are selected from the different years’ examination papers for understanding the standard
of the questions and to know what type of teaching is done there. No answers are given. If some student
needs the solution he or she may request the Coordinator’s desk for that.

QUESTIONS
1. The domain of f(x) is all real numbers and 7. If the real numbers ¥, y satisfy
satisfies f(x + 1) = 2f(x). x—2y+4=0,
For x in (0, 1], f(x) = x(x — 1). For all values 2x+y—220,
of x in (-00, m], f(x) > -8/9. 3x—y—4<0,
What is the maximum value of m? Then find the range of x?+y2.

2. Find the domain of the function 8. Inatriangle ABC, D is the midpoint of BC.

y=vV3—-2x—x%. Points E, F separate AD into three equal
parts. BA.CA = 4,BF.CF = —1. Find the

3. Throw a fair dice (a cube shaped toy with —_—
value of BE.CE.

1,2, 3, 4,5, 6 points on each side) twice.
Find the probability that the sum of the

numbers on top is less than 10. 9. If sinA=2sinB sinC in an acute triangle

ABC, then find the minimum value of

4. Given an arithmetic sequence {a,}, Sn is the tanA tanB tanC.
sum of the first n terms. If a;+a,°=3, Ss=10, . -
then
5. Find the number of intersections of the (a)What is the length of AB?
graph of functions y = sin2x and y = cosx on (b)What is the value of cos (A _ E)r_;
domain [0, 3x]. 6
6. Letf(x) be a functi R with period 2. O 11. Function f(x) = a* + b*, where
.| et f(x) be a function on R with period 2. On (@>0,b>0,a%1b+1)
interval [-1,1],
x+a-1<x<0, s - 1
. ) uppose a = 2,b = =
f&) {‘——x‘,OSx<1, . z
5 (a)Solve the equation f(x)=2.
where a € R. If f (_ g) =f (g) then find (b)For any xe R, f(2x) >m f(x)-6. What is
the value of f(5a). the maximum value of real number m?

(2)If0<a<1,b>1, function g(x) = f(x)-2
has only one root. What is the value of ab?
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Let U={1,2,3,...,100} and {a,} (neN") be a
sequence. T is a subset of U. If T = ¢, define
St=0. If T={ty,t5 ...,&}, define

Sr=ay, +ag, ++a.

For example, if T = {1, 3, 66},

St = a;+az+ags. Now suppose {an}(ne N¥)
is a geometric sequence with common ratio
3. Also, when T = {2, 4}, Sr=30.

(1)What is formula for the sequence {an}?
(2)For any positive integer 1 < k < 100, if
Tc {1,2,....k}, prove St< ay:1.

(3)Suppose C — U, D < U, Sc> Sp. Prove
that S¢ + Scap = 2 Sp.

In AABC, ZABC=90°, BD_LAC. E is the
midpoint of BC. Prove that ZEDC=/ABD.
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Matrix A = (0 _y

) and the inverse of

1
matrix Bis B~ = <1 _E>. What is AB?
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15. In Cartesian coordinate system xOy, the
parametric equation for straight line I is

x=1 +%t,
N where t is a parameter.
y=-t
The parametric equation for ellipse C is
X = cos0, .
{y — 2sind’ where 6 is a parameter.

Suppose line | intersects ellipse C at points

A, B. How long is line segment AB?

16. Suppose a>0, |x — 1] < % ly — 2| <§.
Prove that |2x + y — 4| < a.

17. Suppose m, n € N*, n > m. prove that
(M+1)"Cp + (M+2)"Cr+1 +(M+3)"Crns2
+... +nan-1+(n+1)an:(m+1)n+2Cn+2



